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Let H(B) denote the space of all holomorphic functions on the unit ball B   Cn. We
investigate the following integral operators: Tg( f )(z)=
∫ 1
0 f (tz)g(tz)(dt/t), Lg( f )(z)=∫ 1
0  f (tz)g(tz)(dt/t), f H(B), z  B, where g H(B), andh(z)=
∑n
j=1 zj(∂h/∂zj)(z)
is the radial derivative of h. The operator Tg can be considered as an extension of the
Cesa`ro operator on the unit disk. The boundedness of two classes of Riemann-Stieltjes
operators from general function space F(p,q,s), which includes Hardy space, Bergman
space, Qp space, BMOA space, and Bloch space, to α-Bloch space α in the unit ball is
discussed in this paper.
Copyright © 2006 Songxiao Li. This is an open access article distributed under the Cre-
ative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.
1. Introduction
Let z = (z1, . . . ,zn) and w = (w1, . . . ,wn) be points in the complex vector space Cn and
z,w= z1w¯1 + + znw¯n. (1.1)











Let H(B) denote the class of all holomorphic functions on the unit ball. Let  f (z)=
∑n
j=1 zj(∂ f /∂zj)(z) stand for the radial derivative of f H(B) [21]. It is easy to see that,
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2 Riemann-Stieltjes operators from F(p,q,s) to α
The α-Bloch space α(B)=α, α > 0, is the space of all f H(B) such that









On α the norm is introduced by




∣+ bα( f ). (1.5)
With this norm α is a Banach space. If α= 1, we denote α simply by .







where Pa(z) is the projection of z onto the one dimensional subspace of Cn spanned by a
and Qa(z)= z	Pa(z) which satisfies (see [21])
















Let 0 < p, s <
, 	n	 1 < q <
. A function f H(B) is said to belong to F(p,q,s)=



















where g(z,a)= logϕa(z)1 is Green’s function for B with logarithmic singularity at a.
We call F(p,q,s) general function space because we can get many function spaces, such
as BMOA space, Qp space (see [9]), Bergman space, Hardy space, Bloch space, if we take
special parameters of p,q,s in the unit disk setting, see [20]. If q+ s	1, then F(p,q,s)
is the space of constant functions.
For an analytic function f (z) on the unit disk D with Taylor expansion f (z) =
∑













The integral form of  is












































is closely related to the previous operator and on many spaces the boundedness of these
two operators is equivalent. It is well known that Cesa`ro operator acts as a bounded linear
operator on various analytic function spaces (see [4, 8, 11–13, 16] and the references
therein).










f (ξ)g(ξ)dξ, z D, (1.13)
where f H(D), was introduced in [10] where Pommerenke showed that Jg is a bounded
operator on the Hardy space H2(D) if and only if g  BMOA. The operator Jg acting on
various function spaces have been studied recently in [1–3, 14, 17, 18].





The above operators Jg , Ig can be naturally extended to the unit ball. Suppose that













, z  B. (1.15)
This operator is called Riemann-Stieltjes operator (or extended-Cesa`ro operator). It was
introduced in [5], and studied in [5–7, 15, 17].








, z  B. (1.16)
To the best of our knowledge operator Lg on the unit ball is introduced in the present
paper for the first time.
The purpose of this paper is to study the boundedness of the two Riemann-Stieltjes
operators Tg , Lg from F(p,q,s) to α-Bloch space. The corollaries of our results generalized
the former results and some results are new even in the unit disk setting.
4 Riemann-Stieltjes operators from F(p,q,s) to α
In this paper, constants are denoted by C, they are positive and may diﬀer from one
occurrence to the other. a b means that there is a positive constant C such that a Cb.
Moreover, if both a b and b  a hold, then one says that a b.
2. Tg ,Lg : F(p,q,s)α
In order to prove our results, we need some auxiliary results which are incorporated in












= f (z)g(z). (2.1)





(z)= f (z)g(z), [Lg( f )
]
(z)= f (z)g(z). (2.2)





























which is what we wanted to prove. The proof of the second formula is similar and will be
omitted. 
The following lemma can be found in [19].
Lemma 2.2. For 0 < p, s < 
, 	n	 1 < q < 
, q + s > 	1, if f  F(p,q,s), then f 
(n+1+q)/p and
 f (n+1+q)/p  C f F(p,q,s). (2.4)
The following lemma can be found in [15].



























)α1 , α > 1,
(2.5)
for some C independent of f .
2.1. Case p < n+1+ q. In this section we consider the case p < n+1+ q. Our first result
is the following theorem.
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Theorem 2.4. Let g be a holomorphic function on B, 0 < p, s <
, 	n	 1 < q <
, q+ s >






































































Therefore (2.6) implies that Tg : F(p,q,s)α is bounded.




















If w = 0 then fw  1 obviously belongs to F(p,q,s). From [19] we know that fw 























for every z,w  B.
















from which (2.6) follows. From the above proof, we see that (2.7) holds. 
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Theorem 2.5. Let g be a holomorphic function on B, 0 < p, s <
, 	n	 1 < q <
, q+ s >


























































































Here we used the fact Lg f (0)= 0. It follows that Lg is bounded.
Conversely, if Lg : F(p,q,s)α is bounded. Let β(z,w) denote the Bergman metric














For a B and r > 0 the set
D(a,r)= {z  B : β(a,z) < r}, a B, (2.18)

























































































































Taking supremum in the last inequality over the set 1/2  w < 1 and noticing that by































the result follows. 
Remark 2.6. Note that if α < (q + n+ 1)/p in Theorem 2.5, then the condition (2.13) is
equivalent to g  0.
Corollary 2.7. Let g be a holomorphic function on B, α > 0. Then the operator Tg : A2 
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2.2. Case p > n+1+ q
Theorem 2.8. Let g be a holomorphic function on B, 0 < p, s <
, 	n	 1 < q <
, q+ s >
	1, α 0, n+1+ q  pα, p > n+1+ q. Then Tg : F(p,q,s)α is bounded if and only if








































Therefore g α implies that Tg : F(p,q,s)α is bounded.









































By [19], we know that fw  F(p,q,s), moreover there exists a constant L such that



























































































for every w  B. The result follows. 
Theorem 2.9. Let g be a holomorphic function on B, 0 < p, s <
, 	n	 1 < q <
, q+ s >














































































It follows that Lg is bounded.
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Similarly to the proof of Theorem 2.5, we get the desired result. 
2.3. Case p = n+1+ q
Theorem 2.10. Let g be a holomorphic function on B, 0 < p, s <
,	n	 1 < q <
, q+ s >













































































Therefore (2.40) implies that Tg is a bounded operator from F(p,q,s) to α.
Songxiao Li 11
Conversely, suppose Tg is a bounded operator from F(p,q,s) to α. For w  B, let
fw(z)= log 11	z,w . (2.43)
Then by [19] we see that fw  F(p,q,s) and

















































































































The result follows. 
Theorem 2.11. Let g be a holomorphic function on B, 0 < p, s <
,	n	 1 < q <
, q+ s >
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Proof. Suppose (2.47) holds. Let f (z)  F(p,q,s)   , then supz B(1	 z
2) f (z) <

































It follows that Lg is bounded.
Conversely, if Lg : F(p,q,s)α is bounded. Forw  B, let fw(z) be defined by (2.43),



























































































Similarly to the proof of Theorem 2.5, we get the desired result. 
Similarly to the proof of Theorems 2.10 and 2.11, we can obtain the following results.
We omit the details.
Corollary 2.12. Let g be a holomorphic function on B, 0 < p <
, and α  1. Then Tg :
























Corollary 2.13. Let g be a holomorphic function on B. Then Lg :  is bounded if and
only if g H.
Especially, we have the following known result (see [6, 15, 17]).
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